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In an earlier artile, we presented a method to obtain integrals of motion
and polynomial algebras for a lass of two-dimensional superintegrable sys-
tems from reation and annihilation operators. We disuss the general ase
and present its polynomial algebra. We will show how this polynomial alge-
bra an be diretly realized as a deformed osillator algebra. This partiular
algebrai struture allows to nd the unitary representations and the orres-
ponding energy spetrum. We apply this onstrution to a family of aged
anisotropi osillators. The method an be used to generate new superinte-
grable systems with higher order integrals. We obtain new superintegrable
systems involving the fourth Painlevé transendent and present their inte-
grals of motion and polynomial algebras.
1 Introdution
The following artile is the seond of a series of two [1℄ disussing the
onstrution of higher order integrals of motion and polynomial algebras
from reation and annihilation operators. We applied the results to two ases
with a seond and a third order integrals where no polynomial algebra were
found
V (x, y) = ~2[
1
8a4
(x2 + y2) +
1
y2
+
1
(x+ a)2
+
1
(x− a)2 ], (1.1)
V (x, y) = ~2[
1
8a4
(x2+y2)+
1
(y + a)2
+
1
(y − a)2 .+
1
(x+ a)2
+
1
(x− a)2 ]. (1.2)
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We onstruted a quinti and a seventh order algebras. We studied the rea-
lization in terms of deformed osillator algebras of a lass of polynomial
algebras of the seventh order. These results allowed us to obtain the stru-
ture funtion for the Potential 5 and 6 and unitary representations with the
orresponding energy spetrum.
Many artile [3-18℄ were devoted to superintegrable systems. However, most
artiles were on quadratially superintegrable systems. This paper follows
also artiles onerning superintegrable systems with third order integrals of
motion [19,20,21,22,23,24℄. The potentials given by Eq.(1.1) and (1.2) were
obtained in Ref. 20 and studied from the point of view of supersymmetri
quantum mehanis in Ref. 23. In Ref. 20 a potential written in terms of the
fourth Painlevé transendent was found.
V (x, y) =
ω2
2
(x2 + y2) + ǫ
~ω
2
f
′
(
√
ω
~
x) +
ω~
2
f 2(
√
ω
~
x) (1.3)
+ω
√
~ωxf(
√
ω
~
x) +
~ω
3
(−α + ǫ) .
We will use the potential given by Eq.(1.3) to generate new superintegrable
systems with a higher order integrals of motion. By onstrution, they also
have a seond order integral of motion. This integral is related to separation
of variables.
Let us present the organization of this paper. In Setion 2, we reall how
we an generate integrals of motion from the reation and annihilation ope-
rators. We onsider the general ase mλx = nλy and obtain the polynomial
algebra generated by integrals of motion. We show how we an obtain diretly
the realization in terms of deformed osillator algebras. In Setion 3, we ap-
ply the onstrution to a family of aged anisotropi harmoni osillator. We
show how the method an be used to generate new superintegrable systems
with higher order integrals. We onstrut a new family of Hamiltonians writ-
ten in terms of the fourth Painlevé transendent. We present their integrals,
polynomial algebra and energy spetrum. These results extend the number
of known superintegrable systems involving the Painlevé transendents
2
2 Polynomial algebras
Let us onsider a two-dimension Hamiltonian separable in Cartesian o-
ordinates
H(x, y, Px, Py) = Hx(x, Px) +Hy(y, Py), (2.1)
for whih reation and annihilation operators ( polynomials in momenta) Ax,
A†x, Ay and A
†
y exist. These operators satisfy
[H1, A
†
x] = λxA
†
x, [H2, A
†
y] = λyA
†
y . (2.2)
The following operators
f1 = A
†m
x A
n
y , f2 = A
m
x A
†n
y , (2.3)
ommute with the Hamiltonian H
[H, f1] = [H, f2] = 0, (2.4)
if
mλx − nλy = 0, m, n ∈ Z+ . (2.5)
Creation and annihilation operators allow to onstrut polynomial integrals
of motion.
We will now onsider integrals given by Eq.(2.7) and show that we an obtain
diretly a polynomial algebra written as a deformed osillator algebra. Let
us onsider
H = Hx +Hy, λ = mλx = nλy, (2.6)
A =
1
2λ
(Hx −Hy), I− = Amx A†ny , I+ = A†mx Any (2.7)
We demand that reation and annihilation operators satisfy the following
relations
[Ax, A
†
x] = P (Hx) = Q(Hx + λx)−Q(Hx), (2.8)
[Ay, A
†
y] = R(Hy) = S(Hy + λy)− S(Hy). (2.9)
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We obtain the polynomial algebra
[A, I−] = −I−, [A, I+] = I+, (2.10)
[I−, I+] =
m∏
l=1
Q(
H
2
+mλxA+ lλx)
n∏
k
S(
H
2
− nλyA− (n− k)λy) (2.11)
−
m∏
i=1
Q(
H
2
+mλxA− (m− i)λx)
n∏
j
S(
H
2
− nλyA + jλy)
The order of the polynomial algebra is thus determine by the order of poly-
nomials Q and S. This last relation have a very partiular struture and we
rewrite the Eq.(2.11) as
[I−, I+] = Fm,n(H,A+ 1)− Fm,n(H,A), (2.12)
with
Fm,n =
m∏
i=1
Q(
H
2
+mλxA− (m− i)λx)
n∏
j
S(
H
2
− nλyA + jλy) (2.13)
We an dene
b† = I+, b = I−, N = A− u (2.14)
[N, b†] = b†, [N, b] = −b, b†b = Φ(H,N), bb† = Φ(H,N + 1) (2.15)
and
Φ(H,N) = Fm,n(H,N + u) (2.16)
To obtain Fok type unitary representations and their orresponding energy
spetrum we impose the following onditions
Φ(p+ 1, ui, k) = 0, Φ(0, u, k) = 0, φ(x) > 0, ∀ x > 0 . (2.17)
We showed that the general polynomial algebra in the x and y axis given by
Eq(2.2), (2.8) and (2.9) with mλx = nλy allow us to generate a higher order
polynomial algebra for the superintegrable system given by Eq.(2.10) and
(2.11). This polynomial algebra is diretly written as a deformed osillator
4
algebra.
The two-dimensional anisotropi osillator is a partiular ase and was stu-
died in Ref. 25. From the point of view of physis this system is important
in nulear and atomi physis. In nulear physis it desribes single-partile
level spetrum of panake i.e. triaxially deformed nulei with ωx >> ωy, ωz.
The system with ratio 2 :1 desribes superdeformed nulei and ratio 3 :1
hyperdeformed nulei. We will onsider generalization of this systems that
ould have appliation in nulear physis.
3 Appliations
3.1 Caged anisotropi harmoni osillator
The anisotropi harmoni osillator an be generalized by adding singular
terms. This system is the aged anisotropi harmoni osillator [26,27℄
H =
P 2x
2
+
P 2y
2
+
ω2
2
(k2x2 +m2y2) +
l1
x2
+
l2
y2
. (3.1)
The method of separation of variables allows to solve the orresponding
Shrödinger equation in terms of Laguerre polynomials [8℄ and to obtain
the energy spetrum. However, the polynomial algebra remains to be deter-
mined. We apply to this system the onstrution of Setion 2.
We have the following operators
A†x = −
1
4
(
~
ωk
d2
dx2
− 2x d
dx
+
ωk
~
x2 − 2l1
ωk~x2
− 1), (3.2)
Ax = −1
4
(
~
ωk
d2
dx2
+ 2x
d
dx
+
ωk
~
x2 − 2l1
ωk~x2
+ 1),
Ay = −1
4
(
~
ωm
d2
dy2
− 2y d
dy
+
ωm
~
y2 − 2l2
ωm~y2
− 1),
A†y = −
1
4
(
~
ωm
d2
dy2
+ 2y
d
dy
+
ωm
~
y2 − 2l2
ωm~y2
+ 1).
They satisfy the relations given by Eq.(2.2) and (2.5) with λx = 2~kω,
5
λy = 2~mω and mλx = kλy. We an apply results of Setion 2. We have
Q(Hx) =
1
4~2k2ω2
H2x −
1
2~kω
Hx + (
3
16
− l1
2~2
), (3.3)
S(Hy) =
1
4~2m2ω2
H2y −
1
2~mω
Hy + (
3
16
− l2
2~2
). (3.4)
The integrals are given by Eq.(2.7). We have the ondition m, k ∈ Z+. The
Eq.(3.6) gives
Φm,k(x) = m
2k2
m∏
i=1
(
E
4mk~ω
+ x+ u− 1 + i
m
− 1
2m
− ν1
2m
) (3.5)
(
E
4mk~ω
+ x+ u− 1 + i
m
− 1
2m
+
ν1
2m
)
k∏
j=1
(
E
4mk~ω
− x− u+ j
k
− 1
2k
− ν2
2k
)
(
E
4mk~ω
− x− u+ j
k
− 1
2k
+
ν2
2k
),
with
ν1 =
√
1 +
8l1
~2
, ν2 =
√
1 +
8l2
~2
.
We should impose the onstraints given by the Eq.(2.17). We obtain the fol-
lowing solutions
u =
−E
4mk~ω
+
m− p
m
+
1
2m
+
ǫ1ν1
2m
, (3.6)
Φm,k(x) = m
2k2
m∏
i=1
(x+
i− p
m
)(x+
i− p
m
+
ǫ1ν1
m
) (3.7)
k∏
j=1
(N + 1 +
j − q
k
− x)(N + 1 + j − q
k
+
ǫ2ν2
k
),
E = 2mk~ω(N + 2 +
1− 2p+ ǫ1ν1
2m
+
1− 2q + ǫ2ν2
2k
). (3.8)
p = 1, 2, ..., m, q = 1, 2, ..., k and N ∈ N.
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3.2 System with Painlevé transendent
In Ref. 20, ve systems involving Painlevé transendent [28℄ were found.
One of these systems was written as a funtion of the fourth Painlevé trans-
endent.
V (x, y) =
ω2
2
(x2 + y2) + ǫ
~ω
2
f
′
(
√
ω
~
x) +
ω~
2
f 2(
√
ω
~
x) (3.9)
+ω
√
~ωxf(
√
ω
~
x) +
~ω
3
(−α + ǫ) .
We presented its ubi algebra, wave funtions and reation and annihilation
operators. The Hamiltonians with ǫ = 1 and ǫ = −1 are related by a speial
ase of third order supersymmetry alled shape invariane [24,29℄.
Let us onsider the following superintegrable system
H =
P 2x
2
+
P 2y
2
+ g1(x) + g2(y) , (3.10)
g1(x) =
ω21
2
x2+
~ω1ǫ1
2
f
′
1(
√
ω1
~
x)+
ω1~
2
f 21 (
√
ω1
~
x)+ω1
√
~ω1xf1(
√
ω1
~
x)+
~ω1
3
(−α1+ǫ1) ,
(3.11)
g2(y) =
ω22
2
y2+
~ω2ǫ2
2
f
′
2(
√
ω2
~
y)+
ω2~
2
f 22 (
√
ω2
~
y)+ω2
√
~ω2yf2(
√
ω2
~
y)+
~ω2
3
(−α2+ǫ2) ,
(3.12)
with
mω1 = nω2, λx = ~ω1 = ω˜, λy = ~ω2 (3.13)
The funtion f1 = f1(x, α1, β1) and f2 = f1(y, α2, β2) are the fourth Pain-
levé transendent. The third order reation and annihilation operators were
disussed in Ref.24 and Ref.29. The ommutator of these operators was also
obtained. They satisfy the relation given by Eq(2.8) and (2.9) with
Q(Hx) = 8(Hx−~ω
3
(−α1+ǫ1+3))((Hx−~ω
3
(
α1
2
+4ǫ1−3
2
))2+
ω2~2β1
8
) (3.14)
S(Hy) = 8(Hy−
~ω
3
(−α2+ǫ2+3))((Hy−
~ω
3
(
α2
2
+4ǫ2−
3
2
))2+
ω2~2β2
8
) (3.15)
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The struture funtion of the general ase is given by Eq.(2.16)
Φm,n(x) =
m∏
i=1
(
E
2
+m~ω1(x+ u)− (m− i)~ω1 − γ1mω1~) (3.16)
(
E
2
+m~ω1(x+u)−(m−i)~ω1−γ2mω1~)(E
2
+m~ω1(x+u)−(m−i)~ω1−γ3mω1~)
n∏
j=1
(
E
2
− n~ω2(x+ u) + j~ω2 − γ4nω2~)(
E
2
− n~ω2(x+ u) + j~ω2 − γ5nω2~)
(
E
2
− n~ω2(x+ u) + j~ω2 − γ6nω2~),
with
γ1 = − 1
3m
(−3 + α1 − ǫ1), γ2 = ~ω1
12m
(−6 + 2α1 − 3i
√
2β1 + 16ǫ1), (3.17)
γ3 =
~ω1
12m
(−6 + 2α1 + 3i
√
2β1 + 16ǫ1), γ4 =
1
3n
(−3 + α2 − ǫ2), (3.18)
γ5 =
~ω1
12n
(−6+ 2α2− 3i
√
2β2 +16ǫ2), γ6 =
~ω1
12n
(−6+ 2α2 +3i
√
2β2 +16ǫ2).
(3.19)
We an rewrite the struture funtion as
Φm,n(x) =
m∏
i=1
ω˜6~6(
E
2~ω˜
+ x+ u− 1 + i
m
− γ1) (3.20)
(
E
2~ω˜
+ x+ u− 1 + i
m
− γ2)(
E
2~ω˜
+ x+ u− 1 + i
m
− γ3)
n∏
j=1
(
E
2~ω˜
− x− u+ j
n
− γ4)( E
2~ω˜
− x− u+ j
m
− γ5)
(
E
2~ω˜
− x− u+ j
n
− γ6).
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We obtain the nite dimensional unitary representations and the orrespon-
ding energy spetrum from the Eq.(4.7). We have
u1 =
−E
2~ω˜
+1− p
m
+γ1, u2 =
−E
2~ω˜
+1− p
m
+γ2, u3 =
−E
2~ω˜
+1− p
m
+γ3. (3.21)
Let us present one of the three solutions for u1
E = ~ω˜(N + 2− p
m
− q
n
+ γ1 + γ4), (3.22)
Φ1 =
m∏
i
n∏
j
ω˜6~6(x+
i− p
m
)(x+
i− p
m
+ γ1 − γ2) (3.23)
(x+
i− p
m
+ γ1 − γ3)(N + 1− x+
j − q
n
)
(N + 1− x+ j − q
n
+ γ4 − γ5)(N + 1− x+ j − q
n
+ γ4 − γ6).
p = 1, 2, ..., m, q = 1, 2, ..., k and N ∈ N.
There are 6 other solutions of the same form for u2 and u3.
4 Conlusion
The main result of this artile is that we onstruted in Setion 2 the po-
lynomial algebra for the general ase mλ = nλ and showed that this algebra
an be realized diretly as a deformed osillator algebra. This result allows to
study many systems that ould have appliations in nulear physis, atomi
physis and quantum hemistry.
We showed how the onstrution an be used to generate new superintegrable
systems from known one-dimensional Hamiltonians with reation and anni-
hilation operators. This result is also valid in lassial mehanis.
We studied with this method a family of aged anisotropi osillator. We
found the polynomial algebra, the nite dimensional unitary representations
and the energy spetrum. We applied also the method to a new superin-
tegrable system involving the fourth Painlevé transendent. We found the
polynomial algebra, the nite dimensional unitary representations and the
orresponding energy spetrum. The two systems given by Eq.(3.11), (3.10),
(3.11) and (3.12) an be generalized in higher dimensions.
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The lassiation of systems with reation and annhilation operators is im-
portant and ould allow to nd new superintegrable systems. A lassiation
of seond order reation and annihilation operators was disussed in Ref.
30. To our knowledge the lassiation of systems with seond order ladder
operators is not omplete and only a lass of Hamiltonians with third order
ladder operators were disussed [29,24℄.
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